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Abstract In this paper we investigate some interesting properties of the q- 
Euler polynomials. The purpose of this paper is to give some relationships between 
Bernstein and q-Euler polynomials which are derived by the p-adic integral repre- 
sentation of the Bernstein polynomials associated with g-Euler polynomials. 

1. Introduction 

Let p be a fixed odd prime number. Throughout this paper Z p , Q p and C p 
denote the ring of p-adic integers, the field of p-adic numbers and the field of p- 
adic completion of the algebraic closure of Q p , respectively (see [1-15]). Let N be 
the set of natural numbers and Z+ = N U {0}. The normalized p-adic absolute 
value is defined by \p\ p = ~. As an indeterminate, we assume that q G C p with 
|1 — q\ p < 1. Let UD(Z p ) be the space of uniformly differentiable function on Z p . 
For / 6 UD(1ip), the p-adic invariant integral on Z p is defined by 

, p n -i 
I-i(f)= f(x)d^i(x) = lim V f(x)^ 1 (x+p N Z p ) (1) 

l*7i N— >oo * — ' 
J £ p x=<3 

p N -l 



= J im E /( a: )(- 1 ) x . (see [3 mm no]). 

N— loo * — ' 

x=0 

For n e N, we can derive the following integral equation from (1): 

n—l 

I-i(f n ) = (-1)" / f(x)d^i(x)+2j2(-V n - 1 - l f(l), (2) 

where f n (x) = f(x + n) ( see [3 HI [TOj [11] ) . As well known definition, the Euler 
polynomials are given by the generating function as follows: 

2 °° t 

— e *t = e E{x)t = YE n {x)-, (see 01 M M US [HH3 M HS1 M 0), (3) 
e l + 1 ■( n\ 

n— 

with usual convention about replacing E n {x) by E n (x). In the special case x = 0, 
E n (0) = E n are called the n-th Euler numbers. From (3), we can derive the 
following recurrence formula for Euler numbers 

'2 if n = 0, 
if n > 0, (see [12]). 



£b = !,(£+ !)" + £!„ = 
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with usual convention about replacing E n by E n . By the definitions of Eulcr 
numbers and polynomials, we get 

E n {x) = {E + x) n = Y J ( n \x n - l E u (see [Zl El El [TUl HH H21 HH1 El HH H2J [3]). 



1=0 



Let C[0, 1] denote the set of continuous functions on [0, 1]. For / G C[0, 1], Bernstein 
introduced the following well-known linear positive operator in the field of real 
numbers M : 

n k / \ n h 

B„(/|z) = £ /(-) ( I ) x k (l - xY~ k = £ fQB k , n (x), 



k=0 x ' k=0 

where Q = n(n-l).-.(n- fc+ l) = ^ [J] |jj [jjj ^ ^ } jj^ 

is called the Bernstein operator of order n for /. For k,n G Z+, the Bernstein 
polynomials of degree n are defined by 

B k , n (x) = " z) n_? \ for x G [0, 1]. (4) 

In this paper, we study the properties of g-Euler numbers and polynomials. From 
these properties we investigate some identities on the g-Euler numbers and poly- 
nomials. Finally, we give some relationships between Bernstein and g-Euler poly- 
nomials, which are derived by the p-adic integral representation of the Bernstein 
polynomials associated with q-Euler polynomials. 

2. g-EULER NUMBERS AND POLYNOMIALS 

In this ection we assume that q G C p with |1 — q\ p < 1. Let f(x) = q x e xt . From 
(1) and (2), we have 

f(x)d^ 1 (x) = ~^—e xt . (5) 
qe' + 1 

Now, we define the g-Euler numbers as follows: 

2 



i = ^ = E^4 (6) 



qe 1 + i ' ' n 

n— 

with the usual convention about replacing E q l by E n>q . 
By (6), we easily get 

2 f 2 if n = 0, 

? + 1 I if ra > 0, 

with usual convention about replacing by £7 n ,g. 
We note that 

2 _ 2 2 _ 2 ~ , „-i^ rsl 

ge * + l - e t + q -l-i + q ~ i + q ^ Q n[q >nV l8J 

where H^—q^ 1 ) is the n-th Frobenius-Euler numbers. 
From (5), (6) and (8), we have 

/ q x e xt dfi- 1 (x) = E n , q = -^—H^q- 1 ), for n G Z+. (9) 
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Now, we consider the g-Euler polynomials as follows: 

_^_*t = e E q{x)t = Y^ E {x) t 

qe l + 1 ^— i n\ 

n=0 

whith the usual convention E™(x) by E n _ q (x). 
From (2), (5) and (10), we get 

By comparing the coefficients on the both sides of (10) and (11), we get the following 
Witt's formula for the g-Euler polynomials as follows: 

/ q y{x + yTd^ l {y) = E n , q {x)=^( n \x n - l E Uq . (12) 
Jz P 1=0^'' 
From (10) and (12), we can derive the following equation: 

rr -1 - t ^ xt = E E w wc-ir-r- ( l3 ) 

l + o i e £ ^— ' n! 



2g e (i-x)t 



ge* + l . , 

n— 

By (10) and (13), we obtain the following reflection symmetric property for the 
q-Euler polynomials. 

Theorem 1. For n eZ + , we have 

(-l) n E niq - 1 (x) = qE n , q (l-x). 

From (9), (10), (11) and (12), we can derive the following equation: for neN, 

E n , q (2) = (E q + l + ir = f2(f)Ei, q (l) 



1 + o o(l + o) O ^ 

2 1 2 1 

^qE n „(1) = — I — T;E n „, by using recurrence formula (7). 

q q q q 



Therefore, we obtain the following theorem. 
Theorem 2. For n 6 N 7 we have 



qE n , q (2) — 2 + -E n ^ q . 



By using (9) and (12), we get 

f q- x {l-x) n dv-i{x) = (-1)"/ q- x {x-\) n dn-x{x) 
Jz p Jz p 

= (-l) n S„.,-i(-l) =q f (x + 2) n d^ 1 (x)=q(- + ^E n , 

Jz, p \Q 1 

1 If 

= 2 + -E n Q = 2 + - / x n q x du,- 1 (x), for n > 0. 
9 9 iz„ 
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Therefore, we obtain the following theorem. 
Theorem 3. For neN, we have 

f q- x {l-x) n dfi- l {x)=2 + - f x n q x dv-i{x). 

By using Theorem 3, we will study for the p-adic integral representation on Z p of 
the Bernstein polynomials associated with g-Euler polynomials in the next section. 



3. Bernstein polynomials associated with ^-Euler numbers and 

polynomials 

Now, we take the p-adic integral on Z p for the Bernstein polynomials in (4) as 
follows: 

= / (?V(i-.>-V*-.<.) (») 

Jz p Jz p \*7 

n — k 



C) g(" ■ ;*)(-D»- l r w^ 

(:)£(";>«-'- iE -« 



3=0 
n—k 



Tj [ n ■ k )(- 1 ) jE k+j,q, where n > k e 



k J V j 

By the definition of Bernstein polynomials, we see that 

Bk, n (x) = -B n _fc,„(l - x), where n,keZ+. (15) 
Let n, fc G Z + with n > k. Then, by (15), we get 

/ q x ] B k>n (x)dfj,- 1 (x) = / q x B n - k . n {l - x)dn-i{x) 

k 

r 



! t )ge)(-i)"/ji-r- i ^-.w 
J §0 ( - 1) ""'( !+, 1 I '"'*' W ) 



fc 



Thus, we obtain the following theorem. 



!)E(-)(-i) fe - j (2+^.-0 

2 + qE n , q -i if fc = 0, 



Theorem 4. For n,k G Z+ with n > k, we have 

( 2q + E n , q if k = 0, 

/ q L -*B ktn (x)dn- 1 (x) = \ /n ,^fk\ r , n 



By (14) and Theorem 4, we get the following corollary. 
Corollary 5. For n,k E Z + with n > k, we have 

{ 2 + \E n . q if k = 0, 

EQ)(-l) fe ^^- M if k>0- 



3=0 V J J 



3=0 

For m, n, k e Z + with m + n > 2k. Then we get 



B k , n (x)B kim (x)q x cfyi_i(x) 

7=0 ^ J ' ' 



'n\ / m 
K k){k 

/ n\ / m 
,k (k 



3= 

J2( 2k )(~ i y +2kq 1 0r + 2) ii+m ~v^-i0r) 



3 

2k 



n-\-m—j,q 



2+\E n+m , q if k = 0, 

2k 

G)(T)E( 2 ")(-D J+2fc ^^™ if fc >°- 

Therefore, we obtain the following theorem. 

Theorem 6. For m,n,k 6 Z + with m + n > 2k, we have 



B kyn (x)B kym (x)q 1 x dii-i(x) 

2q + E n+miq if k = 0, 

G)(T)E( 2 /)(-l) j+2fe ^ + ^ if k>0. 



3=0 
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By using binomial theorem, for m, n, k <E Z+, we get 



/ B ktn (x)B kiTn (x)q 1 x ddfj,- 1 (x) 



(16) 



n+m — 2k / . , 

n \ I in \ ^-v / ■/ + in — 2k 

n+m — 2fc 



J 



(-l)^ ^ +2fe g 1 - a; ^-i( a; ) (17) 

(18) 



By comparing the coefficients on the both sides of (16) and Theorem 6, we obtain 
the following corollary. 

Corollary 7. Let m,n,k e Z + with m + n > 2k. Then we get 



t( ,+ r*)(-*w 

j=0 V J / 
2 ~\~ —E n -\- m ^q 



if k = 0, 



2fe 



2A- 



^ r;](-iy+x ro _ M fc >o. 



For s £ N, let m, ri2, . . . , n s , k £ Z + with m + n 2 H h n s > sfc. By induction, 

we get 



m+...+n a — x 



q x d^{x) 



- (n©)g(;V' + l (i -*> 



_ ^ni+.-.+n.-j. -x 



s ] q x djJL- l {x) 



= (n ft)) § (f )(-.^./ (-«~v^,« 



n(:)Jg(?)c-i)-.(^«™ 



2 + ^E ni+ . 



■+n a ,q 
sk 



if fc = 0, 



,sfc 



(nu a*)) IE 7 (-i) sfc+ ^ ni+ - + ™ s - M if k > o. 



Therefore we obtain the following theorem. 
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Theorem 8. Let s e N. For m, n%, . . . , n s , k 6 Z + with n\ + ri2 + • • • + n s > sk, 

we have 



2q + E ni +n 2 +-+ns,q «/ fc = °i 

(11(1*)) e( s ^ v k> °- 



For ni,n,2, ■ ■ ■ ,n s ,k S Z + by binomial theorem, we get 



(19) 



:)-(:) "IT* ("■ + Vw- 

By using (19) and Theorem 8, we obtain the following corollary. 

Corollary 9. Let s e N. for ni, ri2, . . . , n s , k £ Z + im'i/i ni + ni + ■ ■ ■ + n s > sk, 

we have 

niH \-n B — sk / ,\ 

3=0 \ J / 

2 + --B ni + n2 -| hn s ,g */ = 0, 

| E f Sfc ) (-l) Sfe+i ^ 1+ n 2+ -+n s -i, 9 * > 0. 
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